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Disclaimer

Disclaimer

Model theory here is that of expansions of the real field. There are other
interesting model theoretic points of view on elliptic functions, but I
won’t mention them.
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meromorphic, with simple poles at ω ∈ Ω and
℘Ω (z) = −ζ 0 (z).
This is meromorphic, with double poles at ω ∈ Ω, and periodic with
respect to Ω:
℘(z + ω) = ℘(z).
So we can reduce to studying ℘ on a fundamental domain.
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So, we first recall some results in the model theory of exponentiation.
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Theorem (Macintyre and Wilkie, 1996)
If Schanuel’s conjecture holds then the theory of Rexp is decidable.
These results also hold for the expansion of the real field by exp
restricted to the strip R × [−iπ, iπ] in the complex plane. (We identify C
with R2 , so expanding the reals by a complex function means adding its
real and imaginary parts.)
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Outline of Macintyre’s proof

1 Show that a certain restriction of the real and imaginary parts of the
inverse function ℘−1
Ω is pfaffian.
2 Use this in combination with ideas from the work of Macintyre and
Wilkie in the exponential case, together with more theory of pfaffian
functions, to get an effective model completeness result.
3 Use Step 2 and the transcendence conjecture to get decidability.

Pfaffian functions

A sequence f1 , . . . , fl of analytic functions on an open set U ⊆ Rn is a
pfaffian chain if there are polynomials Pi,j ∈ R[X1 , . . . , Xn , Y1 , . . . , Yi ] for
j = 1, . . . , n and i = 1, . . . , l such that
∂fi
(x) = pi,j (x, f1 (x), . . . , fi (x)).
∂xj
A function f : U → R is pfaffian, with chain f1 , . . . , fl , if there is a
polynomial p such that f (x) = p(x, f1 (x), . . . , fl (x)). Say f has length l,
degree (max{deg pi,j }, deg p).
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Let LW be a language expanding the language for ordered fields by two
new binary functions symbols, and let TW be the set of LW sentences
that are true in all structures of the form (R, ℘Ω |FΩ ), as Ω varies across
all lattices.
Macintyre asked, among several other questions, the following:
1 Is TW model complete?
2 Is TW decidable (relative to some transcendence conjecture)?

Piecewise semipfaffian sets

A set X ⊆ Rn is piecewise semipfaffian if there are simple domains
Ui ⊆ Rn for i = 1, . . . , L and pfaffian functions fi,1 , . . . , fi,mi : Ui → R,
with a common chain of length r and degree (α, β) such that
[
X = {x ∈ Ui : fi,1 = · · · = fi,mi = 0}.
If mi ≤ M, we say that X has complexity (r , α, β, n, L, M).
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coefficients, not identically zero and of total degree bounded by L ≥ 20.
Then on FΩ the function P(z, ℘(z)) has at most
7.5373 × 1014 L11
zeros.
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Corollary
Suppose that P is a polynomial in two variables, with complex
coefficients, not identically zero and of total degree bounded by L ≥ 20.
Then on FΩ the function P(z, ℘(z)) has at most
7.5373 × 1014 L11
zeros.
Other similar bounds also follow, and these can be applied to problems in
number theory.
I’m fairly confident that combining the uniform pfaffian definition with
Foster’s modification of Wilkie’s proof of model completeness for
restricted pfaffian functions and ideas of Macintyre’s will show that TW
is model complete (perhaps in a slightly extended language).
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We also have a similar uniform definition of ζΩ , and get similar corollaries.
On the other hand, σΩ is different, we prove that no such uniform
definition exists.

Thank you!

